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Background: Monoids

Throughout this talk, a monoid M is a semigroup that is cancellative and commutative.
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Background: Monoids

Throughout this talk, a monoid M is a semigroup that is cancellative and commutative.

We denote by M* the set of units of M, and it is said that M is a group if M = M*. Given a
monoid M, we denote by G(M) the quotient group of M.

Examples: G(Q>0, x) = (Q>0, x); G(No, +) = (Z, +)

An element a € M\ M* is called an atom if a = bc for some b, c € M implies that either
b e M* or c € M*. We denote by A(M) the set of atoms of M. A monoid M is atomic
provided that every b € M\ M* can be expressed as a finite product of atoms.
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Background: Monoids

Let M be an atomic monoid, and let b€ M\ M*.

e We let Z(b) denote the set of all factorizations of b, and we set L(b) = {|z| : z € Z(b)}.
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Background: Monoids

Let M be an atomic monoid, and let b€ M\ M*.

e We let Z(b) denote the set of all factorizations of b, and we set L(b) = {|z| : z € Z(b)}.

® M is a unique factorization monoid (or a UEM) if |Z(c)| =1 for all c € M\ M*.

M is a finite factorization monoid (or an FFM) if Z(c) is finite for all c € M\ M*.

® M is a bounded factorization monoid (or a BFM) if L(c) is finite for all c € M\ M*.

M satisfies the ACCP if every ascending sequence of ideals eventually stabilizes.

UFM — FFM =— BFM =— ACCP = atomic
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Background: Semidomains

Definition. A commutative semiring S is a (nonempty) set endowed with two binary
operations denoted by ‘+' and *-' and called addition and multiplication, respectively, such
that the following conditions hold:

1. (S,4) is a commutative monoid with its identity element denoted by 0;
2. (S,) is a commutative semigroup with an identity element denoted by 1;
3. b-(c+d)=b-c+b-dforall b,c,d €S.
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Background: Semidomains

Definition. A commutative semiring S is a (nonempty) set endowed with two binary
operations denoted by ‘+' and *-' and called addition and multiplication, respectively, such
that the following conditions hold:

1. (S,4) is a commutative monoid with its identity element denoted by 0;
2. (S,) is a commutative semigroup with an identity element denoted by 1;
3. b-(c+d)=b-c+b-dforall b,c,d €S.

Definition. A semidomain is a subsemiring of an integral domain.

Examples: integral domains, Puiseux semirings, Np, Rp, No[X], Ro[X]
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Background: Semidomains

Given a semidomain S, we denote by G(S) the quotient group of (S, +) and by F(S) the field
of fractions of G(S).

Proposition(Gotti-P., 2022)

For a commutative semiring S, the following conditions are equivalent.

(a) S is a semidomain.

(b) The multiplication of S extends to G(S) turning G(S) into an integral domain.

We say that a semidomain S is atomic (resp., satisfies the ACCP) if its multiplicative monoid
S* is atomic (resp., satisfies the ACCP). In addition, we say that S is a UFS, FFS, or BFS
provided that §* is a UFM, FFM, or BFM, respectively.
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Definition. Let S be a semidomain. We set Int(S) := {f € F(S)[X] | f(S) C S} and call the
elements of Int(S) integer-valued polynomials on S. If S = Ny, then we refer to the elements
of Int(S) as natural-valued polynomials.
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1. Int(Ro) = {f € R[X] | f has no positive real roots of odd multiplicity}.This means that
Int(Ro) # Ro[X]. In fact, the semidomain Int(Rg) is a UFS!

2. G(Int(No)) = Int(Z).
Proof: Let f € Int(Z). We can write f = .1, c,(ffl) where cp, ..., c, € Z. Thus,
¢

= X X
f = ZCE(I‘Ir) —Zcrj(n .)a
i=0 i j=0 i

where c¢;; and ¢, are positive integers for every i € [0, m] and every j € [0, ]. 2034
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Definition. Let S be a semidomain. We set Int(S) := {f € F(S)[X] | f(S) C S} and call the
elements of Int(S) integer-valued polynomials on S. If S = Ny, then we refer to the elements
of Int(S) as natural-valued polynomials.

Remark: Note that S C S[x] C Int(S) C Int(G(S)), implying Int(S) is a semidomain.

A couple of examples of integer-valued polynomials on semidomains:
1. Int(Ro) = {f € R[X] | f has no positive real roots of odd multiplicity}. This means that
Int(Rg) # Ro[X]. In fact, the semidomain Int(Rg) is a UFS!

2. G(Int(Np)) = Int(Z). Is Int(Ng) = No[X]?

Proposition (Chapman-Kaplan-P., 2027)

Let d € N, and let f € Int(Np) be a random polynomial of degree at most d. The probability

that f is in No[X] is grra=iyrar-
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Factorization Properties

Theorem (Chapman-Kaplan-P., 2027)

Let S be a semidomain. The following statements hold.
1. Int(S) satisfies the ACCP if and only if S satisfies the ACCP.
2. Int(S) is a BFS if and only if S is a BFS.
3. Int(S) is an FFS if and only if S is an FFS.
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Factorization Properties

Theorem (Chapman-Kaplan-P., 2027)

Let S be a semidomain. The following statements hold.
1. Int(S) satisfies the ACCP if and only if S satisfies the ACCP.
2. Int(S) is a BFS if and only if S is a BFS.
3. Int(S) is an FFS if and only if S is an FFS.

Is Int(S) a UFS when S is a UFS?
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Factorization Properties

Given an atomic monoid M, the elasticity of a nonunit b € M, denoted by p(b), is defined as

p(b) = ?E?ll_‘((:)). By convention, we set p(u) =1 for every u € M*.
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Factorization Properties

Given an atomic monoid M, the elasticity of a nonunit b € M, denoted by p(b), is defined as
p(b) = ?E?ll_‘((:)). By convention, we set p(u) = 1 for every u € M*. In addition, the elasticity
of the whole monoid M is defined to be p(M) := sup{p(b) | b € M}.The set of elasticities of

M is R(M) := {p(b) | b € M}, and M is said to have full elasticity provided that
R(M) = (QU {oo}) N [L, p(M)].
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Factorization Properties

Given an atomic monoid M, the elasticity of a nonunit b € M, denoted by p(b), is defined as
p(b) = ?E?ll_‘((:)). By convention, we set p(u) = 1 for every u € M*. In addition, the elasticity
of the whole monoid M is defined to be p(M) := sup{p(b) | b € M}.The set of elasticities of
M is R(M) := {p(b) | b € M}, and M is said to have full elasticity provided that

R(M) = (QU {oo}) N L, p(M)].

Proposition(Chapman-Kaplan-P., 2027)

The elasticity of Int(Np) is infinite.

It is known that Int(Z) is fully elastic, so we pose the following question.

Open Question
Is Int(No) fully elastic?
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